INTRODUCTION
The purpose of this note is to find an elemenary explanation of a surprising result of EinLazarsfeld-Smith [ELS] and Hochster-Huneke [HH] on the containment between symbolic and ordinary powers of ideals in simple cases. This line of research has been very active ever since, see for instance [BC, HaH, DST] and the references therein, by now the literature on this topic is quite extensive.
By 'elementary' we refer to arguments that among others do not make use of resolution of singularities and multiplier ideals nor tight closure methods. Let us quickly recall the statement [ELS] : let X be a smooth projective variety of dimension n, I ⊆ O X a non-zero sheaf of radical ideals with zero scheme Z ⊆ X ; if every irreducible component of Z has codimension at least e, then I
for all m 1. Our goal is to reprove this assertion in the case of points in projective spaces (as asked in [PAG2, Example 11.3.5] ) without recurring to deep methods of algebraic geometry. Instead of working with subsets of projective space, we will concentrate on the affine cones over them; our aim hence becomes to understand symbolic and ordinary powers ideals of sets of line through the origin.
We will end up reducing the general case to a study of the ideals
defining the union of coordinate axes in A n k . We work over an arbitrary field k. Theorem 1 (Corollary 2.7). Let Σ ⊆ P n−1 be a set of n points not lying in a hyperplane. Then
for all positive integers m. If n = 3, then the same statement holds for three distinct points in arbitrary position.
Remark 2.9, and Remark 2.10, respectively, for more precise statements and references) for which we are grateful.
PROOF OF THE MAIN RESULT
The key idea is to describe the primary decomposition of I 2,n .
Proposition 2.1. With notation as above, the expression
is a primary decomposition of I m 2,n for all positive integers m. Proof. Being an irredundant intersection of primary ideals, the right-hand side of (2.1.1) will be a primary decomposition of I m 2,n once equality holds. We assume that n 3, the other cases being trivial. Since
For the reverse inclusion, note that both sides are monomial ideals, therefore it will suffice to check the required containment for monomials by [HeHi, Theorem 1.1.2] A monomial x a 1 1 . . . x a n n is an element of the right-hand side of (2.1.1) if and only if the inequalities a 1 + . . . + a i + . . . + a n m for all 1 i n,
hold. We will show by induction on m that under these conditions x a 1 1 . . . x a n n ∈ I m 2,n . For the base case m = 1 of the induction, one has
as I 2,n is the radical ideal of the union of all coordinate axes in A n .
Let us now assume that (2.1.1) holds for all integers less than m, and let
be an arbitrary monomial, without loss of generality we will suppose that a 1 . . . a n . It follows from the inequality (2.1.3) that the total degree of x a 1 1 . . . x a n n is at least 2m. Let us first consider the case a 1 = . . . = a n = a and ∑
if n is odd, then a = 2b for some natural number b (since an = 2m), and
2,n . From now on we will assume that not all exponents a i are the same, and keep the assumption that a 1 . . . a n . Also, without loss of generality we will suppose that A
1 . . . x a n n = 2m: if it were strictly higher, then either A − a i > m for all 1 i n, and we can divide x a 1 1 . . . x a n n by some variable and still obtain a monomial in the same ideal (and then possibly reorder the variables to preserve the decreasing exponents), or, if A − a 1 = m (which is the smallest one among the A − a i 's), then a 1 = A − m > m, hence replacing x a 1 1 . . . x a n n by x
2 . . . x a n n will again do the trick.
We proceed by a greedy algorithm: we intend to show that Of these, the last equality is immediate, we will deal with the rest. As a 1 a 2 . . . a n , we have m A − a 1 . . . A − a n , hence we are done whenever either i = 1, 2, or i 3 and a i < a 1 . Let us suppose that this is not the case, and there exists an index 3 i n such that a 1 = a i . By the ordering of the a i 's this automatically means a 1 = . . . = a j = . . . 
Proof. Follows quickly from the facts that symbolic and ordinary powers of (x 1 , . . . , x i ) agree, and the fact that
is an irredundant intersection where all prime ideals on the right-hand side are minimal.
Remark 2.3. Observe that for a monomial x
2,n if and only if A − a i m for all 1 i n.
Proposition 2.4. With notation as above,
and x a 1 1 . . . x a n n ∈ I m 2,n by Proposition 2.1 as required. Remark 2.5. It appears that in the concrete case the bound from [ELS] , which is 2m, where the 2 stands for the codimension of the union of coordinate axes), is far from optimal even for n = 3. Proof. Let φ : A n → A n be an invertible linear map taking the coordinates axes in A n to the lines in X . Then φ * induces an automorphism of
, and I(X ) m corresponds to I m 2,n . As far as the case n = 3 is concerned, observe that three lines through the origin that lie in a plane form a complete intersection subvariety, and as such, m th symbolic and ordinary powers of its vanishing ideal will agree for any given m 1. In the rest of the article we outline connections to closely related work in the area. For terminology not used in our paper we refer to [BC, BC2, PS] . Remark 2.8. As n general points in P n−1 form a star configuration, the initial degree and the regularity of the associated ideal agree, hence [BC2, Corollary 1.2] applies. Combined with [PS, Lemma 8.4.7 (c) ], this gives a way to establish a bound similar in nature to Corollary 2.7.
Remark 2.9. In [PS, Example 8.4 .5] a bound stronger then the one in [ELS] is shown for all monomial ideals. Nevertheless, in the particular case we treated the bound of [PS, Example 8.4 .5] is weaker than Corollary 2.7.
Remark 2.10. Multiplier ideals of line arrangements and their relationship to symbolic powers were studied for instance in [T1] and [T2] .
